PICTURES OF KK-THEORY FOR REAL C*-ALGEBRAS 
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Abstract. We give a systematic account of the various pictures of KK-theory for real C*-algebras, 
proving natural isomorphisms between the groups that arise from each picture. As part of this 
project, we develop the universal properties of KK-theory, and we use CiJT-structures to prove 
that a natural transformation F(A) — ¥ G(A) between homotopy equivalent, stable, half-exact 
functors defined on real C* -algebras is an isomorphism provided it is an isomorphism on the 
smaller class of C*- algebras. Finally, we develop i?-theory for real C*-algebras and use that 
to obtain new negative results regarding the problem of approximating almost commuting real 
matrices by exactly commuting real matrices. 



1. Introduction and Preliminaries 

A real C*-algebra is a Banach *-algebra A over the real numbers such that = ||a:|| 2 holds 

for all x and such that every element of the form 1 + x*x is invertible in the unitization of A (see 
[32]). In this paper, we will adopt the term R* -algebra instead. Every i?*-algebra is isometrically 
isomorphic to a closed *-algebra of bounded operators on a Hilbert space over R. In addition, every 
i?*-algebra is isomorphic to the *-algebra of fixed elements of a C*-algebra with a conjugate linear 
involution. 

In Kasparov's seminal paper [21] introducing KK-theory, he simultaneously considered both R*- 
algebras and C*-algebras. Since then, many alternate but equivalent or closely related pictures of 
KK-theory have been introduced and developed by various authors ([9], [10], [15], [16], [28], [34]). 
The ability to move among the various pictures has contributed immensely to the utility of KK- 
theory as a tool for solving problems. However, these authors have not following Kasparov's lead 
and the alternate pictures of KK-theory have been developed primarily in the complex case. 

In recent years, substantial progress has been made in developing the tools to study i?*-algebras 
including the development of united if-theory and the universal coefficient theorem in [2] and [3[. 
This has led to a classification of purely infinite simple i?*-algebras (in [5]) and the classification of 
real forms of UHF-algebras that are stable over the CAR-algebra (in [33]). 

Given the centrality of KK-theory for these projects, there has been a need to develop a systematic 
account of the various pictures of KK-theory for i?*-algebras. In this paper, we will develop several 
of the alternate pictures of KK-theory in the context of i?*-algebras and prove the appropriate 
equivalent theorems. In particular, in this paper we will consider the following pictures of KK-theory 
and prove appropriate equivalence theorems for each: the standard Kasparov bimodule picture of 
KK-theory, the Fredholm picture (both in Section 2), the universal property picture (Section 3), the 
extension picture (Section 4), and suspended E-iheory using asymptotic morphisms (Section 5). 

Furthermore, we prove a more general theorem which reduces the work required to replicate 
many of these equivalent theorems and promises to ease the way for similar projects in the future. 
Suppose that /i: F — >• G is a natural transformation between homotopy invariant, stable, half exact 
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functors. We prove that if /j, is an isomorphism for all C*-algebras, then it is an isomorphism for R*- 
algebras. This is accomplished in Section 3 when we develop the universal properties of KK-theory 
and if -theory for i?*-algebras. 

In the last two sections, we will apply these ideas, using KK-theory to prove the existence of 
certain asymptotic morphisms, which in turn is used to obtain new results for the problem of 
approximating a set of almost commuting matrices over the field of real numbers. In particular, let 
the Halmos number be the largest integer d such that whenever d real self-adjoint matrices almost 
commute (pairwise) they can be approximated by d pairwise commuting matrices. More precisely, 
for all e > there should be a 5 > such that if {#i}f=i is a collect of d self-adjoint matrices such 
that 

||ii r ||<l and \\[H r ,H s }\\<5 , 

for all r, s, then there exists a collection {-?Q}f =1 of self-adjoint matrices such that 

\\K r \\ < 1 and \\[K ri K s ]\\ = and \\H r - K r \\ < e . 

Furthermore, the dependence of 5 on e must be uniform, independent of the dimension of the matrices 
H r . It is shown in [27] that in the context of real matrices, the statement is true for d = 2. We will 
show in Section 7 the statement is false for d — 5. Therefore, the Halmos number for real matrices 
is between 2 and 4, inclusive. 

2. The Standard and Fredholm Pictures of KK-Theory 

We take the following definition from Section 2.3 of [32] to be the standard definition of KK-theory 
for i?*-algebras. It is essentially the same as that in [21] where it was simultaneously developed for 
both i?*-algebras and C*-algebras. 

Definition 2.1. Let A be a graded separable i?*-algebra and B be an i?*-algebra with cr-unital. 

(i) A Kasparov (yl-_B)-bimodule is a triple (E, 0, T) where E is a countably generated graded 
Hilbert -B-module, <j) : A — > C(E) is a graded *-homomorphism, and T is an element of C(E) 
of degree 1 such that 

(T - T*)0(a), (T 2 - l)0(o), and [T, <f>(a)} 

lie in JC(E) for all a e A. 

(ii) Two triples (Ei,<fii,Ti) are unitarily equivalent if there is unitary U in £(E ,Ei), of degree 
zero, intertwining the <pi and T. L . 

(iii) If (E, <f>, T) is a Kasparov (A-B)-bimodule and j3 : B — s- B' is a *-homomorphism of R*- 
algebras, then the pushed-forward Kasparov (yl-i3')-bimodule is defined by 

P*{E,<j>,T) = [E&pB 1 , T®1) . 

(iv) Two Kasparov (yl-_B)-bimodules (Ei,<pi,Ti) for i = 0, 1 are homotopic if there is a Kas- 
parov bimodule (A-IB), say (E,<p,T), such that (ei)*{E, <j>, T) and [Ei, 4>i,T{) are unitarily 
equivalent for i = 0, 1, where IB = C([0, 1], B) and £j denotes the evaluation map. 

(v) A triple (E, <f>, T) is degenerate if the elements 

(T - T*)4>{a), (T 2 - \)4>{a), and [T, 0(a)] 

are zero for all a G A By Proposition 2.3.3 of [32], degenerate bimodules are homotopic to 
trivial bimodules. 

(vi) KK(A,B) is defined to be the set of homotopy equivalence classes of Kasparov (A-B)- 
bimodules. 

The following theorem summarizes the principal properties of KK-theory for i?*-algebras from 
Chapter 2 of [32]. 
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Proposition 2.2. KK(A, B) is an abelian group for separable A and a -united B. As a functor on 
separable R* -algebras (contravariant in the first argument and covariant in the second argument), it 
is homotopy invariant, stable, and has split exact sequences in both arguments. Furthermore, there 
is a natural associate pairing (the intersection product) 

®kk ■ KK(A, C <g> B) <g> KK(C ® A', B') — > KK(A ®A',B® B') . 

We now turn to the Fredholm picture of KK-theory, which was developed in [15] with only the 
situation of C*-algebras in mind. However, the approach goes through the same for i?*-algebras, as 
follows. 

Definition 2.3. Let A and B be separable i?*-algebras. 

(i) A triple (<f> + ,<j>-,U), where <j>± : A — > M(JCr ® B) are *-homomorphisms, and U is an 
element of A4(/Cr ® B) such that 

Uct) + {a) - <p-{a)U, (j} + {a){U*U - 1), and <j>_{a){UU* - 1) 

lie in /Cr <8> B for all a £ A is called a KK(A, B)-cyc\e. 

(ii) Two KK(A, B)-cycles {(j>\, <pl, U 1 ) and {<f>\,<j> 2 _, U 2 ) are homotopic if there is a KK(A, 7\B)- 
cycle (<f> + ,(j)_,U) such that (ffj</> + , £j^_, £j(J7)) = £7* ), where £j : A4(/Cr <S> IB) — > 
A4(/Cr <g> B) is induced by evaluation at i. 

(iii) A KK(j4, i?)-cycle (tp + ,rb-,V) is degenerate if the elements 

^+(a)(F*F- 1), and ip-{a){VV* - 1) 

are zero for all neA 

(iv) The sum + , f/) © (>+, V) of two KK(A, B)-cycles is the KK(A, B)-cycle 

^+ 0\ /0_ OWC/ 

' V ^-/V F 

where the algebra M^{M.(K.^. <8> B)) is identified with _M(/Cr ® £?) by means of some *- 
isomorphism M 2 (/Cr) = /Cr, which is unique up to homotopy by Section 1.17 of [21]. 

(v) Two cycles {(fp + , , C/°) and , </>!, U 1 ) are said to be equivalent if there exist degenerate 
cycles O^-,^ ) and (V>|, V 1 ) such that 

(<^ _,t/ )©(V>5-,V>°,^°) and ttl^U 1 )®^,^ 1 ) 
are homotopic. 

(vi) KK(j4, B) is defined to be the set of equivalence classes of KK(A, _B)-cycles. 

The following lemma is the real version of Lemma 2.3 of [15]. 

Lemma 2.4. KK{A,B) is an abelian group, for separable R* -algebras A and B. As a functor it is 
contravariant in the first argument and covariant in the second argument. 

Proof. For the first statement, we show that a cycle (</> + ,</>_, {/) has inverse ((/>-, <fi + ,U*). Indeed, 
the sum 

' '</>+ o \ U_ \ fu 

<l>-)'\0 q> + )\0 U* 
is homotopic to a degenerate cycle via the operator homotopy 



sm(i) cos(t)U 



7T 

°"2 



The functoriality is established as in [15] in Sections 2.4 through 2.7. □ 
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The next proposition establishes the isomorphism between the two pictures of KK-theory. First 
we review some preliminaries regarding graded i?*-algebras and Hilbert modules. 

If B is an i?*-algebra, then the standard even grading on M2^B) is obtained by setting M2(B)^ 
to be the set of diagonal matrices and M2(Bp 1 ' the set of matrices with zero diagonal. The standard 
even grading on /Cr ® B is obtained by choosing a ^-isomorphism /Cr ® B = M2(ICr ® B). This in 
turn induces a canonical (modulo a unitary automorphism) grading on _M(/Cr ® -B). 

Let Hb be the Hilbert £>-module consisting of all sequences {& n }^Li in -B such that Y^=i ^n°n 
converges. Giving B the trivial grading (that is B^ = B and B^ = {0}), let DHb = Hb © H B be 
the graded Hilbert B-module with IH^ = H B ©0 and DH^ = © H B . Then the induced grading on 
C(V\b) is identical with the standard even grading of M2(.A4(/Cr ® -B)). Under the *-isomorphism 
M 2 (A^(/C[r ® B)) = .M(/Cr ® £?), this grading coincides with the one described in the previous 
paragraph. 

Theorem 2.5. Let A and B be separable R* -algebras. Then KK(A, B) is isomorphic to KK(A, B). 

Proof. We give A and B the trivial grading and we give M(ICr <S> B) the standard even grading 
described above. 

For a KK(A, B)-cycle x = (<j>+, </>-, U) we define 



a(x) = H 



t>+ o WO V* 
o 4>-) ' [y o 

It is readily verified that a(x) is a Kasparov (A-B) bimodule. Furthermore, for x = {(j>+, <f>-, U) and 
y = (il) + ,ip_,V) it is easy to see that a(x + y) and a(x) + a(y) are unitarily equivalent via a degree 
unitary. 

We must show that a induces a well-defined homomoprhism 

a: KK(A, B) -> KK{A,B) . 

Note first that a sends degenerate elements to degenerate elements. Next, suppose (</>+, </>_, U) is a 
KK(^4, 7i?)-cycle implementing a homotopy between x = (<j&_, 4>°_, Uo) and y = (4>\, §\_ , U\). That 
is, Ei(<p + ) = Si((f>) = and Si(U) = Ui; where e t : .M(JCr ® IB) — > M(ICr <S> B) is the map 
induced by the evaluation map e t at t. Consider the Kasparov (A-/i3)-bimodule 

Since H Bl gic , [o,i]®€<-E — Hs, it follows that 



A.0 



and 

(ei).(2) = ( H 2 



oWo ut 

^ ' vj7i 
Therefore a(x) and a(y) are homotopic. Hence a is well-defined. 

To show that a is surjective, let y = (E, 0, T) be a Kasparov (A.B)-bimodule. By Proposition 2.3.5 
of [32], we may assume that E = H B and that T ~T* . Thus, with respect to the graded isomorphism 
£(H B ) ^ M 2 (.M(£r ® S)), we can write 

^+ M and T-(° ^ 

o and vc/ 

where <p + and 0_ are *-homomorphisms from A to A4(/Cr ® 5) and ?7 is an element of A^(/Cr <g> B). 
Then y = a(x) where x — (<f> + , ?7). 
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Finally, we show that a is injective. Suppose that a(x) — a(y) where x — (<(> + ,<f>-,U) and 
y = (il) + ,ip_,V). Then there is a Kasparov (A, i?)-bimodule z — (E, <f), T) such that 

M4*) = (M o + ;_),(r o *)) 

and 

As above, we may assume that E = ^b®c[q,i] an( i that T = T* . Then z has the form 

where 9 + and 0_ are *-homomorphisms to A4(K,r<£) IB) and W is an element of A4(K.\r ® IB). Then 
(#+, 9-, W) is a Kasparov (A, 7£>)-bimodule implementing a homotopy between x and y. 

□ 

3. The Universal Property of KK-Theory 

Let F be a functor from the category C*R-Alg of separable i?*-algebras to the cateogry Ab of 
abelian groups. We say that F is 

(i) homotopy invariant if = (02)* whenever eti and a 2 are homotopic *-homomorphisms 
on the level of i?*-algebras. 

(ii) stable if (e^)* : F(A) — > F(/Cr A) is an isomorphism for the inclusion : A /Cr ® A 
defined via any rank one projection. 

(iii) sp/i£ exact if any split exact sequence of separable i?*-algebras 

induces a split exact sequence 

-> F(A) ->■ -> F(C) -> . 

(iv) /ia// exact if any short exact sequence of separable i?*-algebras 

induces an exact sequence 

F(A) -> F(B) -> F(C) . 

In what follows we will see that if F is homotopy invariant and half exact, then it is split exact. 

Proposition 3.1. If F is a functor from C*R-Alg to Ab that is homotopy invariant, then the 
functor F s defined by F S (A) = B(/Cr <8> A) is homotopy invariant and stable. 

Proof. Just as in the complex case (Theorem 4.1.13 of [19]), the map e^ ■ /Cr — > /Cr <g> /Cr is 
homotopic to an isomorphism. □ 

The following theorem is the version for i?*-algebras of Theorem 3.7 of [15] and Theorem 22.3.1 
of[l]. 

Theorem 3.2. Let F be a functor from C*R-Alg to Ab that is homotopy invariant, stable, and split 
exact. Then there is a unique natural pairing a : F(A) ® KK(A, B) —> F(B) such that a(x ® 1a) = x 
for all x £ F{A) and where 1a G KK(A, A) is the class represented by the identity *-homomorphism. 
Furthermore, the pairing respects the intersection product on KK-theory in the sense that 

a(a{x ®y)®z) = a(x ® (y ® B z)) : F(A) ® KK(A, B) ® KK(B, C) -> F(C) . 
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Proof. Let $ G KK(A, B). Using Theorem 2.5 we represent $ with a KK(A, B) cycle and as in 
Lemma 3.6 of [15], we may assume that this cycle has the form (<f> + , 4>_, 1). We use the same 
construction as in Definitions 3.3 and 3.4 in [15]. In that setting F is assumed to be a functor from 
separable C*-algebras, but it goes through the same for functors from separable i?*-algebras to any 
abelian category. This construction produces a homomorphism $* : F(A) — > F(B) and we then 
define a(x <E) $) = 3>*(x). The proof of Theorems 3.7 and 3.5 of [15] carry over in the real case to 
show that a is natural, is well-defined, satisfies a(x ® 1^) = x, and is unique. 

That a respects the Kasparov product follows from the uniqueness statement. □ 

We also note the contravariant version of the result above. If F is a contravriant functor, otherwise 
satisfying the above hypotheses, then there is a pairing a: KK(A, B) <g) F(B) — > F(A) such that 
a(l A <g> x) = x for all x G F(A). 

For any i?*-algebra A, we define SA = {/ e C([0, 1], A) | /(0) = /(l) = 0}, or equivalently up 
to ^-isomorphism, SA = C (R,A). We similarly define S^A = {/ e C (R,A C ) \ f(-x) = jfx)}- 
By iteration, S n A is defined for all n G Z. Since SS~ 1 R is KK-equivalent to R, the formula 
S n S m A = S n+m A holds up to KK-equivalence for all n,m G Z. Then for any functor F on C*R- 
Alg and any integer n, we define F n (A) = F(S n (A)). 

Corollary 3.3. Let F be a functor from C*R-Alg to Ab that is homotopy invariant, stable, and 
split exact. Then F*(A) has the structure of a graded module over the ring K*(R). In particular, 
F(S 8 A) ~ F(A) and F^SA) = F(A). 

Proof. For all separable A and cr-unital B, the pairing of Proposition 2.2 gives KK*(A, B) the 
structure of a module over KK*(K, R). Taking A = B, we define a graded ring homomorphism f3 
from K*(R) ^ KK*(R, R) to KK*(A, A) by multiplication by 1 A e KK(A,A). 

Then for any x G F m (A) and y G if n (fR) we define x ■ y = a(x ® G F„ +m (j4). The second 

statement follows from the KK-equivalence between R and S 8 R, and that between IR and S~ 1 SR 
from Section 1.4 of [2]. □ 

It also follows that the pairing Theorem 3.2 extends to a well-defined graded pairing 

a : F* (A) ® KK* (A, B) -> F» (B) . 

Let KK be the category whose objects are separable i?*-algebras and the set of morphisms from A 
to B is KK(A, B). There is a canonical functor KK from C*R-Alg to KK that takes an object A to 
itself and which takes a ^-homomorphism /: A — > B to the corresponding element [/] G KK(A, B). 

Corollary 3.4. Let F be a functor from C*R-Alg to Ab that is homotopy invariant, stable, and 
split exact. Then there exists a unique functor F : KK — > A such that F o KK = F. 

Proof. The functor F takes an object A in KK to F(A) in Ab and takes a morphism y G KK(A, B) 
to the homomorphism F(A) — > F(B) defined byn-> a(x®y). The composition FoKK = F clearly 
holds on the level of objects. On the level of morphisms we must verify the formula a(x® [/]) = /* (x) 
for /: A — V B and x G F{A). This formula follows by the naturality of the pairing a, the formula 
a(x <8> 1a) = x, and the formula f*(l A ) = [/] G KK(A, B) which is verified as in Section 2.8 of 
[15]. □ 

Proposition 3.5. Let F be a functor from C*R-Alg to Ab that is homotopy invariant and half 
exact. Then for any short exact sequence 

there is a natural boundary map d: F(SC) — > F(A) that fits into a (half-infinite) long exact sequence 
► F(SB) ^ F(SC) A F(A) ^ F(B) ^ F(C) . 
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Proof. Use the mapping cone construction as in Section 21.4 of [1]. □ 

Corollary 3.6. A functor F from C*R-Alg to Ab that is homotopy invariant and half exact is also 
split exact. 

Proof. The splitting implies that is surjective. Thus in the sequence of Proposition 3.5, 9 = 
and /* is injective. □ 

Proposition 3.7. Let F be a functor from C*R-Alg to Ab that is homotopy invariant, stable, and 
half exact. Then for any short exact sequence 

there is a natural long exact sequence (with 24 distinct terms) 

F n+ i(C) A F n (A) F n (B) F n (C) A F„_i(A) —>•... . 

Proof. From Corollary 3.6 and Corollary 3.3, F is periodic; so Proposition 3.5 gives the long exact 
sequence. □ 

We say that a homotopy invariant, stable, half-exact functor F from C*R-Alg to the category 
Ab of abelian groups 

(v) satisfies the dimension axiom if there is an isomorphism F»(R) = K*{R) as graded modules 
over K*{R) 

(vi) is continuous if for any direct sequence of i?*-algebras (A n , </>„), the natural homomorphism 



lim F4A n ) -> F,( lim {A n )) 

n— >oo n— >oo 



is an isomorphism. 



Theorem 3.8. Let F be a functor from C*R-Alg to Ab that is homotopy invariant, stable, half 
exact and satisfies the dimension axiom. Then there is a natural transformation j3 : K n (A) — > F n (A) . 
If F is also continuous, then (3 is an isomorphism for all R* -algebras in the smallest class of separable 
R* -algebras which contains R and is closed under KK- equivalence, countable inductive limits, and 
the two- out- oj '-three rule for exact sequences. 

Proof. Let z be a generator of F(R) = Z and for x e K n (A) = KK(R, S n A) define a X >t (R)-module 
homomorphism /?: K*(A) ->• F*{A) by f3(x) = a(z ® x). Taking A = R, Theorem 3.2 yields that 
/3(1q) = z where lo is the unit of the ring K*(R) — KK*(R, R). Therefore, j3 is an isomorphism for 
A = R. Then bootstrapping arguments show that j3 is an isomorphism for all i?*-algebras in the 
class described. □ 

From Section 2.1 of [3] we have distinguished elements 

ceKK (R,C), reKK (C,lR) 

e € KK (R, T), CeKK (T,C) 

^GKK (C,C), ip T G KKo(T, T) 

7 GKK_ 1 (C,T), rGKKi(T,R). 

For any homotopy invariant, stable, split exact functor F on C*R-Alg, define the united _F-theory 
of an i?*-algebra A to be 

F CRT {A) = {F*{A),F*(C ®A),F*(T<S>A)} 
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together with the collection of natural homomorphisms 

c„: F n (A) — >• F„(C ® A) 

r n : F n (C ® A) — > F n (A) 

e n : F n {A) -> F n (T ® A) 

C„: F„(T ® A) — )• F„(C ® A) 
(^)„: F„(C®i4) ->F n (C®i4) 
(V>t)„ : ^n(T ® -4) -> F n (T ® A) 

7„: F„(C® A) ^F„_i(C®A) 

r„: F„(T®A)^F„ +1 (A) 

induced by the elements c, r, e, C, V't, 7, t via the pairing of Theorem 3.2. 

Proposition 3.9. Let F be a homotopy invariant, stable, split exact functor from C*R-Alg to Ab 

and let A be a separable R* -algebra. Then F CRT (A) is a CRT-module. Moreover, if in addition F is 
half exact, then F CRT {A) is acyclic. 

Proof. To show that F CRT {A) is a CRT- module, we must show that the CRT- module relations 



rc = 2 


IpuPu 


= -Pulpu 


s = 


r(3 2 v c 


cr = 1 + i> v 


ip T (3 T 


= Mt 


LU = 




r = T7 


£l3o 


= PU 


(3 T £T = 


£Tj3 T + rj T /3 T 


c = (e 


C/?t 


= ftC 


er( = 


1+lpT 


(tPuY = i 




= M 


JCT — 




«> r ) 2 = i 


Tf$l 




T = 


-T1p T 


ip T e = e 


7 


= llpv 


Tf3 T e = 





C 7 = 


-no 


— re 


<* = 


2f3 T e 


C = ^C 


Vt 


= 7/U 




2t(5 t 



hold among the operations {c„, r n , s n , £„, (ipu)n, 7m i~ n } on i^ Cii:r (A). But in the proof of 

Proposition 2.4 of [3], it is shown that these relations hold at the level of KK-elements. Therefore, 
using the associativity of the pairing of Theorem 3.2, the same relations hold among the operations 
ofF CRT (A). 

Suppose now that F is also half-exact. To show that K CRT (A) is acyclic, we must show that the 
sequences 

■ • • -> F n (A) F n+1 (A) A F n+1 (C ® A) ^ F^A) -> • • • (3-1) 

■ • • -> F„(A) ^> F„ +2 (A) A F„ +2 (T ® A) ^> F n ^(A) -> . . . (3.2) 

► F n+ i(C ® A) ^> F n (T ® A) ^> F„(C ® A) F n (C ® A) -»■ . . . (3.3) 

are exact. These can be derived from the short exact sequences 

->■ S^R® A ->• R® A ->• C® A ->• 

-> S~ 2 IR ®A^R® J 4^T®A^0 

from Sections 1.2 and 1.4 of [2]. 
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Indeed, focusing on the first one for our argument, the short exact sequence 

-> S^R ®i4K8iAC8i40 
gives rise to the long exact sequence 

■ • • -+ F n (A) [ A F n+2 (A) ^> ^ l+2 (C ® A) A F n ^(A) -> • • • 

where the homomorphisms are given by the multiplication of the elements [/] 6 KK 2 (R,R), [<?] € 
KK (R, C), and d G KK_i(C, R). In the case of the functor KK(_B, — ), it was shown in the proof of 
Proposition 2.4 of [3] that the resulting sequence has the form 

► KK n (B, A) ^ KK n+1 (B, A) A KK„ +1 (B, C ® A) • • • 

for all separable i?*-algebras B. It then follows easily that the KK-element equalities [/] = r) , 
[g] = c, d = rfi~ x hold. This proves that Sequence 3.1 is exact. Sequences 3.2 and 3.3 are shown to 
be exact the same way. □ 

Theorem 3.10. Let F and G be homotopy invariant, stable, half exact functors from C*R-Alg to 
Ab with a natural transformation /j,a- F(A) — > G{A). If Ha is an isomorphism for all C* -algebras 
A in C*R-Alg, then /j,a is an isomorphism for all R* -algebras in C*R-Alg. 

Proof. Let A be a separable i?*-algebra. The natural transformation /j,a induces a homomorphism 
H A RT : F CRT (A) — s> G CRT (A) of acyclic CRT-modules which is, by hypothesis, an isomorphism on the 
complex part. Then the results in Section 2.3 of [6] imply that /i A RT is an isomorphism. □ 

Corollary 3.11. Any homotopy invariant, stable, half exact functor from C*R-Alg to Ab that 
vanishes on all C* -algebras vanishes on all R* -algebras. 

4. Application: Isomorphism between KK_ 1 and Ext 

In this section, we will use Theorem 3.10 to show that KK_!(i4,B) is naturally isomorphic to 
Ext(A, B)^ 1 for separable i?*-algebras A and B. 

Let e:0— > B E ^ A — > be an exact sequence of i?*-algebras. As in the complex case, the 
associated mapping cone is defined to be 

C n = {(e, f)€E® C ([0, 1], B) | /(l) = 0, /(0) = ir(e)} 

and there are *-homomorphisms A c : SA — > CV, 7 C : B — > CV, and n e : C v — > E defined by 

Ae(/) = (0,/), 7e(&) = (**>, 0), and /s e (e,/)=e. 

A K 

As in the complex case, there is an exact sequence — > SA — ^ C„ — ^> E — > 0. Furthermore, 
K c ° 7c — 1 an( i [7c] is an invertible element of KK (-B, C v ). 

Lemma 4.1. Let e : -> B -> E A A ->■ fee an ea;ac£ sequence of R*- algebras. If e is trivial, i.e., 
there exists a * -homomorphism a : A ^ E such that n o a ~ id^. T/iera [A c ] = m KK (S , A, CV). 

Proof. Because of the section map u, it follows that 7r* is surjective and that the boundary map 
vanishes in the sequence 

► KK n (SA, B) -> KK^SA, £) KK n (SA, A) 4 KK n ^(SA, B)-*... . 

A K 

By the comments above, the sequence — > 5 A — ^ CV — ^ — > induces the same long exact 

sequence on KK-theory. Thus the homomorphism KJ£ n (SA, SA) - KK n (iSM, CV) is zero. Since 
[A c ] = (A e ),[l SA ] (where [1 SA ] e KK (S>1, SA)) it follows that [A e ] =0. □ 
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Lemma 4.2. Let ti : — > B — > — ^ ^4 — >• &e an exact sequence of R* -algebra with B stable and 
B an essential ideal of E t . Suppose there exists a unitary u 6 M [B) such that 

Ad(ir B (u)) o Ttl = t, 2 

where ttb ■ M.{B) — > Q(B) = A4(B)/B is the canonical projection. Then [A ei ] x [7 Cl ] = [A C2 ] x 
be,]" 1 eKK (SA,B). 

Proof. As in the complex case, the conjugacy of the Busby invariants implies the corresponding 
extensions are equivalent. That is, we have the following commutative diagram: 



0- 



B 



Ad(u) 



E 1 



^0 



Ad(it) 







B 



En 



•0 



where we are identifying Ei as a sub-algebra of M(B). Since the mapping cone construction is 
functorial, there exists a ^-isomorphism a : C 7Tl — > C V2 such that the diagram 




Since [Ad(u)] = [1 B ] e KK Q (B,B), the result follows. 



Ad(u) 



□ 



As in the complex case, we define the sum of two extensions in terms of the Busby invariants. Let 
B be stable and let ttb ■ M(B) — > Q(B) be the canonical projection. Then the sum of two extensions 
with Busby invariants Tj : A — > Q(B) is the unique extension (up to strong equivalence) with Busby 
invariant t\ ffi r 2 : A — >• Q(B). The *-homomorphism t\ ffi t 2 is defined by fixing a *-isomorphism 
M 2 (B) = B. More specifically, n ffi t 2 = i> o a where cr: A ->• Q(B) © Q(B) C Q(B © B) is defined 
by g — (n, t 2 ) and ^ is the composition 

Q(-B © B) -»• M 2 (Q(B)) ^ Q(B) . 

Lemma 4.3. Let ti : — > £> — > ^ A -> k an exact sequence of R* -algebras with B stable. 
Let ti © e 2 : — > B — > E — > A — >• be the sum as defined in the previous paragraph. Then 

[A Cl ee 2 ] x bWffie^ 1 = [A ei ] x [^J- 1 + [A C2 ] X [^J" 1 G KK (SA,5). 

Proof. Let t, be the Busby invariant corresponding to e» and n ffi r 2 the Busby invariant of the sum 
ei © t2, as above. Let a and tp be as above also. Notice that a is the Busby invariant of an extension 
of the form 

0^B®B^E a ^A^0. 
Since n ffi r 2 — tpoa, there exist morphisms tp and (f> forming the following commutative diagram 







B®B 



■E„ 



A ■ 







^ B > S ClffiC2 A *■ 0. 
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Let pi : B © B — > B be the projection onto the i-coordinate and let p i : Q(B © B) — > Q(B) be 
the induced map. Then 7Jj o a = Tj. Hence, there exists a *-homomorphisms : E a — > Ei such that 



0- 



0- 



B O B ■ 

Pi 

-^B — 



■E„ 



■Ei 



+ 



commutes for i = 1,2. 

By the above paragraphs, the following diagrams 



SA- 



C 



BOB 

pi 



SA- 



A, 



c 



BOB 



SA- 



B 



SA- 



B 



are commutative. Thus, 



[ A eiee 2 ][7eiffie 2 ] 1 = [K] [4>] [7eiffic 2 ] 1 

= [Ae][7e]- 1 M 

= [Ae][7e]- 1 (H + b 2 ]) 

= [Ae]([?i][7e 1 ]- 1 + M[7e 2 ]- 1 ) 

= [Ae 1 ][7e 1 ]- 1 + [Ae 2 ][7e 2 ]- 1 . 



□ 



The goal for the rest of this section is to produce an isomorphism between KK_i(^4, B) and the 
group Ext (A, B)^ 1 of invertible extensions. For r, s G Z>o, let C£ rjS denote the Clifford algebra 
C£(R r+s , Q r ,s) where Q r>s is the quadratic form 



r+s 



Qr,s 



i=i 



j=r+l 



We will be using the fact that KK^(A<S>C£ p . qi B®C£ r ^ s ) depends, up to natural isomorphism, only on 
(p — 0) — ( r — s ) ( see Corollary 4.2.10 of [32]). In particular, for any trivially graded i?*-algebras A 
and B, we have KK_i(A,B) = KK (i,B®« 0; i). 

A Kasporov module (A, B©C£o,i)-module is a triple from ((f), E, F) such that <j> : A — > B(B©Cfo,i) 
is a graded *-homomorphism, F is an operator in B(i?©C4>,i) of degree 1, and 

F<j>(a) - 4>{a)F, (F 2 - l)<j>(a), (F - F*)0(o) 

are elements of /Cr © 25 for all a G A Using an argument similar to that in the complex case, 
we may assume that F* = F = F^ 1 and E = ¥\ B (see Section 17.4 and 17.6 of [1]). Since 
B(H B ©C£ ,i) = M(K, R ® B) ® MilCtR ® B) with grading 

(M(JC R © B) © A4(/C R © B)) (0) = {(a;, a) : a: G A4(/C R © B)} 
(M(ACr © B) © M{K R © B)) (1) = {(x, -x):xe M{JC R © B)} 

we have that <j> = ip © ip for some *-homomorphism V : ^4 — > M(JCr © B) and F = T © (— T) for 
some self-adjoint unitary T in A4(/Cr © B). 
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Set 7r : M(JCr <g) B) — > Q(/Cr ® B) be the canonical projection. Set p = Then p is a 

projection and 7r(p)(7r o -0(a)) = (it o tfj(a))n(p) for all a e A. Define t^e.^.f) '■ A — > Q(/Cr ® B) by 

T(E,4,,F){a) = ir(p?p(a)p) . 

Then T(e,4>,f) is a *-homomorphism from ^4 to <2(/Cr (g> B). Set e(E,ip,F) be the exact sequence 

: -> /C R ® B -> A(£, V, F) -> A -> 

induced by T(e,<p,f)- This construction is well-defined and gives a natural transformation 

9.4,5 : KK^(A, B) ^ Ext(A, B)' 1 . 

By Lemma 4.2, we also have a well-defined natural transformation 

Aa.b ■ Ext(A, B)^ 1 -> KK(5A, B) 

given by A j4 , B ([e]) = [A.^^Jhw,,.,] -1 - 

Theorem 4.4. // ^4 and _B are separable R* -algebras with B stable, then Qa,b and Aa,b are 
isomorphisms. 

Proof. Let \ia,b = Aa.b ° @a,b- For separable C*-algebras A and -B there is a similarly defined 
homomorphism fi^ B : KK^A.B) ->■ KK C (SA, B). According to Proposition 19.5.7 of [1], this 
composition is exactly the usual isomorphism from KK_ 1 (A, B) to KK (SA, B). 

Suppose now that B is a separable C*-algebra. Then as in Lemma 4.3 of [3], there is a natural 
isomorphism i from KK^(Ac,B) to KK*(A, B). Furthermore, the diagram below commutes, 

c 

KK C l (A c , B) Ac ' B * KK C (SA C , B) 

KK_i(A, B) — KK(SA, B) 

showing that [ia.b is an isomorphism when B is a C*-algebra. It then follows by Theorem 3.10 that 
Ha,b is an isomorphism for all separable i?*-algebras A and B. 

It remains now to prove that &a,b is surjective. Let r : A — > Q(B) be a *-homomorphism such 
that there exists a *-homomorphism t _1 : A — > Q(B) with t©t _1 is a trivial extension. Then there 
exists a *-homomorphism 



»11 912 
(>21 022 



: A -> M 2 (M(B)) 



which is a lifting of t(Bt 1 . Set q = 



1 




G M 2 (A4(-B)). Then q is a projection with q(f)(a)—<p(a)q G 



M 2 (B). Moreover, if ir 2 : M 2 (M(B)) -> M 2 (Q(B)) is the natural projection, then n 2 (q(f)(a)q) = 
r(o) ©0. 

Let 7r : M(B) — > Q(B) be the natural projection. Using the *-isomorphism M 2 (.M(.B)) = A4(B), 
we have a *-homomorphism tp : A — > M(B) and a projection p G M(B) such that pip(a)—ip(a)p G £> 
and 7r(p0(a)p) = r(a). Set T = 2p - 1. Then 

e 4B ((h b «)C4,i,v©V',7 1 ®-t)) = [ T ]. 

Hence, 9a,b is surjective, which completes the proof. □ 
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5. Asymptotic Morphisms and ^-theory 

In this section, we will use Theorem 3.10 to show that KK(A,B) is naturally isomorphic to 
E(A, B) for separable i?*-algebras A and B, when A is nuclear. 

The following definition of an asymptotic morphism for i?*-algebras is exactly analogous to that 
for C*-algebras. This definition also appears in Section 8 of [5]. 

Definition 5.1. Let A and B be i?*-algebras. An asymptotic morphism from A to B is a family 
((j>t) , (t £ [1, oo)) of maps from A to B with the following properties: 

(1) for all a £ A, t n> <pt(a) is bounded and continuous; and 

(2) The set (<p t ) is asymptotically *-linear and multiplicative, i.e. 

(a) lim \\tPt(Xa + b)-(XMa) + Mb))\\ = 0; 

t—>oo 

(b) lim ||&(a*)-&(a)*|| = 0; and 

t—¥OQ 

(c) lim \\Mab) - Ma)Mb)\\ =0 

t— >oo 

for all o,ki and AeR. 
Two asymptotic morphisms ((f> t ) , (ipt) '■ A B are equivalent if 

lim [&(o) - = 

t— >oc 

for all a £ A. 

Definition 5.2. Let A be an i?*-algebra. Set 

f3B = {/ : [1, oo) — )• B : f is bounded and continuous} 

/3 B = f / G /3S : lim /(t) = o} 

l t— 5-00 J 

aB = (5B/(3 B 

Let (</>i) : A — > B be an asymptotic morphism. By Property (1), for each a £ A, the function 
a : t n> </>t(a) is an element of /3.B. Let p B : (3B — > aB be the natural projection. By Property (2), 
the map 

a i y Pb(o) 

is a *-homomorphism from A to aB, which we denote by {4>tj- If (4>t) is equivalent to (ipt), then 
{4>t) — (ipt)- Let <p : A — > aB be a *-homomorphism and let tp: A — > /3S be a lifting of 0. Set 
<pt = ev t o Then (<p t ) is an asymptotic morphism from A to i? such that (<p t ) — (p. 

From the above paragraph, we have the following proposition (compare to Remark 25.1.4 (a) of 
[!])■ 

Proposition 5.3. There is a bijection from the set of *-homomorphism from A to aB to the set of 

equivalence classes of asymptotic morphisms from A to B. 

Remark 5.4. Every *-homomorphism from A to B defines an asymptotic morphism as follows: Let 
<p : A — > B be a *-homomorphism. The <p induces an asymptotic morphism (<p t ) by <pt{a) = <p(a) for 
all t £ [l,oo) and a £ A. We will denote this asymptotic morphism by (cp). 

Definition 5.5. Let (<p t ) , (%p t ) : A — > B be asymptotic morphisms. ((p t ) is homotopic to (tp t ) if 
there exists an asymptotic morphism ($ t ) : A — > IB such that for each t £ [1, oo) and a £ A, 

evjj 0>1] ($ t (a)) = Ma) and evf' 1] ($ t (a)) = Ma). 

Set [[A, B}] to be the set of homotopy classes of asymptotic morphisms from A to B. If ((pt) is an 
asymptotic morphism, then [((pt)] will denote the class in [[A, B)} represented by (<p t ). The following 
proposition is analogous to Remark 2.5.1.2(g) of [1]. 
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Proposition 5.6. Let (<p t ) and (ipt) be equivalent asymptotic morphisms from A to B. Then (<pt) 
and (ip t ) are homotopic. 

Proof. Let a G A and let t G [l,oo). Set $ t (a)(s) = sip t (a) + (1 - s)(j) t (a) for all s g [0, 1]. Since 
3>t(a) is the straight line homotopy from 4>t(a) and ipt(a), we have that $t(a) £ IB. Since 

||*t(a) - < WMa) - M°)\\ + UM) - MtiW (5- 1 ) 

for all a G A and for all t, t' g [1, oo), we have that 

f ^ $ t ( a ) 

is a continuous function for all a g A. 

Define ^ t (a)(s) = ipt(a) for all a g A, t g [l,oo), and s g [0,1]. It is clear that (\I> t ) is an 
asymptotic morphism from A to IB. Note that 

||$ t (a)-* t (a)|| < \\Ma)-Mo)\\ 

for all a G A and t G [l,oo). Thus, lim t _ > [ l oo )($i(a) — ty t (a)) — which implies that ($t) is an 
asymptotic morphism from A and IB. By construction, cVq ' 1 ' o <£> t = </> t and evf' 1 ' o $ t = ip t for all 
ig[l,oo). □ 

Let s G [0, 1]. Then evi°' 1] : / i-> /(s) is a *-homomorphism from IB to B. Define evj, 0,1 ' : f3IB — > 
/3B by cv^- 1] (f )(t) = f(t)(s) for all / G ftlB. Let / g (31 B. Then the function 

t^f(t)(s) 

is continuous and bounded by ||/||. Hence, evj, ' 1 ^/) G (3B. Thus, evj, ' 1 ' : (3IB — > (3B is a 
*-homomorphism for all s G [0,1]. Note that evj, ' 1 ' (/3qIB) = PqB. Thus, there exists a *- 
homomorphism evi ' 1 ' : alB — > aB such that the diagram 

^ folB >- PIB alB > 



PoB - pB aB 



is commutative. 



Proposition 5.7. Let A and B be R* -algebras and let (<p t ) and (ipt) be asymptotic morphisms. 
Suppose there exists a * -homomorphism $ : A — > IaB such that evj) ' 1 ' o $ = (<p t ) and evf' 1 ' o $ = 
[ipt)- Then (tpt) and (ipt) are homotopic. 



Proof. Note that there exists an asymptotic morphism (<j> t ) : A — > IB such that ($() = $. Then 
evg ' 1 ' o $ t \ and /evf 1 ' 1 ' o $ t \ are asymptotic morphism from A to B that are homotopic. Since 



ev^'o^ = ((p t ), we have that (<f> t ) and /evg ' 1 ' o $ t \ are equivalent. Similarly, and (evj ' 1 ' o $ t 



are equivalent. By Proposition 5.6, (<p t ) and ^evp ' 1 ' o $ t ^> are homotopic and (ip t ) and ^evj ' 1 ' o $ 
are homotopic. Hence, (0 t ) and (ip t ) are homotopic. □ 

Lemma 5.8. Let I be an ideal of a separable R* -algebra A. Then there exists a continuous approx- 
imate identity {u t }te[i.oo) of I which is quasi-central in A. In other words, for all t, u t is positive 
and norm-bounded by 1; and for all a G A, lim^oo ||u t a — au t || = 0. 
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Proof. Note that the complexification 7c of I is an ideal of the complexification Ac of A and Ac 
is separable since A is separable. Let r be a conjugate-linear involution of Ac such that A can be 
identified with {x G Ac ■ t{x) = x}. Then / can be identified as {x G Ic : t(x) = x}. Since Ic is 
an ideal of a separable C*-algebra Ac, there exists a continuous quasi-central approximate identity 
{m}t€[i,oo) °f ^C- 

Set u t — \{w t + T(w t )) G A. Then it is easy to verify that {wt}t G [i j00 ) is again a continuous 
quasi-central approximate identity of Ic (hence of I) and is again quasi-central in Ac (hence in 
A). □ 

Lemma 5.9. (See Lemma 25.5.2 of\l\). Let A be an R* -algebra. Let {w*}te[i j0 o) ^ e given such that 
u t is positive and \\u t \\ < 1 for all t. Let x G A and let f G SR. 

(a) If lim (xu t — u t x) — 0, then lim (xf(u t ) — f{u t )x) = 0. 

(b) If lim u t x = x, then lim f{u t )x = 0. 

t— >oo t— t-OO 



Proof. Note that, 



Therefore, 



u\x - xu\ = J2(ut n x< - 



n=0 



\u^x — xu^\\ < k \\u t x — xu t \ 



which implies that lim (ufx — xu^) = 0, whenever lim (xu t — u t x) = 



t— foo 



Also, 

x = Y,{v k t - n x-u k t - n - 1 x). 



n-1 

u k t x 
Therefore, 



\\u k x — x|| < k \\u t x — x\\ 

which implies that lim (u k x — x) = whenever lim mx = x. 

The lemma now follows from the Stone- Weierstrass Theorem and the above observations. □ 

Proposition 5.10. (See Proposition 25.5.1 in Let e:0->B4E4i->0!ieai! exact 

sequence of R* -algebras. Suppose B has a continuous approximate identity {wtjtefi.oo) which is 
quasi-central in E. Let a be a bounded continuous cross-section of it. Then there exists an asymptotic 
morphism (0^) : SA — > B such that 

lim (#(/®a)-/(utMa))=0, 

t— t-OO 

for all f G SR and a G A, where we are identifying SA with SR&A. Moreover, if t is another cross 
section ofir, then the associated asymptotic morphisms are equivalent. 

We note that the existence of the cross-section a is given by the Bartle-Graves selection theorem. 

Proof. Define 9 t : SR x A — > B by 9 t (f,x) = f(u t )a(x). Since {wt}te[i,oo) is continuous, for each 
(/, x) G 5IR x A, the map t i-> 9 t {f,x) is continuous and bounded. Note that if r is another cross 
section of it, then a(x) — t(x) G B for all x G A. Then for each (/, x) G SR x A, by Lemma 5.9, 

lim \\f(u t )a(x)-f(u t )r(x)\\=0. 

t—too 
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Therefore, t does not depend on the choice of cross section (up to equivalence of asymptotic mor- 
phisms). Let x G A, then the function / i-> 9 t (f,x) is linear for each t G [l,oo). Let / G SIR. 
Since 

a(x + y) — a{x) — cr(y), <j(x*) — a(x)* , and a(Xx) — Xa(x) 
are elements of B for all x, y G A and A G R, by Lemma 5.9 

lim \\e t (f,x + y)-6 t (f,x)-6 t (f,y)\\=0 

t— >oc 

lim ||0 t (/,a:*)-0 t (/,aOl=O 

t— >oo 

lim \\e t {f,\x)-\e t {f,x)\\ =o 

t— >oo 

for all i,i/6i and A G R. Since cr(xy) — <j(x)<r(y) G f? for all and (fg)(u t ) = f(ut)g{u t ) 

for all /, g G SIR and t G [1, oo) and since 

II (fg)(u t )v(xy) - f(u t )a(x)g(u t )a(y)\\ 

< \\(fg){u t )a{xy) - (fg)(u t )a(x)a(y)\\ + \\f\\ \\a(y)\\ \\g(u t )a(x) - a(x)g(u t )\\ 



by Lemma 5.9, 



lim \\0 t (fg,xy)-0 t (f,x)0t(g,y)\\=0 

£— >-oo 



for all /, g G SR and x,y £ A. 

Since ||/(itt)<7(x)|| < ||/|| ||cr(a;)|| for all / G SIR and x G A and since 0t is independent of the 
choice of a, we may choose a cross section of n such that ||er(x)|| = for all x G A. Therefore, 
9 t defines a *-homomorphism from ip : SR ® A — > aB. Let : SIR ® A — > /3i? be a lifting of ^A- Set 
<f>l = ev t o (f>: SA ->• B. 

By construction, 

lim (^(/®a)-/(ut)tr(a))=0, 

for all / G SIR and a G A Also, by the above observation, r is another cross section of ir, then 
the induce *-homomorphism from SIR ® A to ai? is ip. Thus, the induced asymptotic morphism is 
equivalent to {<t>D- □ 

Proposition 5.11. Let e : ->• B A £ ^> A be an exact sequence of separable R* -algebras. 
Then the class in [[SA,B]] given by the asymptotic morphism from Proposition 5.10 is inde- 
pendent of the choice of approximate identity that is quasi-central in E. 

Proof. Let {u t } te [ ljOC ) and {^t}te[i,oo) be continuous approximate identities for B that are quasi- 
central in E. Then w t (s) = su t + (1 — s)v t for all s G [0,1] is an approximate identity for IB 
and is quasi-central in IE. Set D = {/ G IE : 7r(/(t)) = tt(/(s)) for all t, s G [0, 1]}. Then D is 
a sub-i?*-algebra of IE, IB is an ideal of D, and D/IB = A. By Proposition 5.10, there exists 
an asymptotic morphism : SA — > IB, built using the approximate identity {w t } and the 

cross-section a: A — > SB. By construction, evj, 0,1 ' o ($ t ) is equal to the *-homomorphism from 
SA to B constructed from {ut\te[i .oo) an d evj) ' 1 ' o ($ t ) is equal to the *-homomorphism from SA 
to B constructed from {vt}te[i.oo)- By Proposition 5.7, we have that the asymptotic morphism 
constructed from {wt}t G [i i00 ) and {v t }te[i,co) are homotopic. □ 

As in the complex case there is a natural isomorphism between [[A, K.r<E)B]] and [[/Cr<S>A ICr<E)B]] 
(see Section 25.4 of [1]). Also as in the complex case, the set [[A, K.\r ® SB]] has the structure of an 
abelian group. The group operation is defined equivalently either in terms of a chosen ^-isomorphism 
M 2 (/C[r) = /C|r or in terms of concatenation of loops in /C R ® B based at 0. 

Definition 5.12. For i?*-algebras A and B, we define E(A, B) = [[SA, K. R ® SB]]. 
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Given an asymptotic morphism ((fi t ) : A — > B and an element 7 G SA, the composition <f) t o 7 is 
an element of 55 for all t 6 [1, 00). We let S(j> t denote the resulting map SA — > SB and using the 
compactness of the circle, is it easy to show that (S(j>t) is an asymptotic morphism. Furthermore 
it is easy to show if two asymptotic morphisms (<p t ) and (i/j t ) are homotopic, then (S(f> t ) and (Stp t ) 
are also homotopic. Thus, every asymptotic morphism from A to B induces a unique element of 
E(A, B). It also follows that there is a well-defined map £ : E(A, B) — > E(SA, SB), which can easily 
be shown to be a group homomorphism. 

In fact, the map £ is a special case of the tensor product construction for asymptotic morphisms 
described in Lemma II.B./3.5 of [7], which carries over to the case of i?*-algebras. Given two asymp- 
totic morphisms ((f> t ) : A — > C and (i[) t ) : B — > D, there is a tensor product asymptotic morphism 
(((f) ® ip) t ) : A(g) max B -> C ® max D which satisfies lim^oo ((<j> (g> ip) t (a (gib) - (f> t (a) (g> ipt(b)) = for 
all a G A and b e B. 

We also will need to make use of the associative product structure on ^-theory described in 
Proposition II.B./3.4 of [7], which also carries over to the case of i?*-algebras. Given two asymp- 
totic morphisms (4> t ) : A — > B and (ip t ) ■ B — > C, there is a composition asymptotic morphism 
(V> 4>) t ■ A — > C, dehned uniquely up to homotopy. In the special case that t[j or <fi is an actual 
*-homomorphism, then this product is a literal composition. In the general case, a reparametrization 
is necessary to construct an asymptotic morphism from the composition (see Lemma II.B./3.3). The 
resulting product induces a natural homomorphism E(A, B) <g> E(B, C) — > E(A, C). 

Theorem 5.13. E(A, B) is a bivariant functor from separable R* -algebras to abelian groups. In both 
arguments, it is homotopy invariant, stable, half exact, and has a degree 8 periodicity isomorphism. 

Proof. The homotopy invariance is immediate and the stability follows from Proposition 3.1. By 
Propositions 5.10 and 5.11, any extension 

t:Q^J^A^B^Q 

gives rise to a well-defined asymptotic morphism ((j)\) from SB to J. Then the proofs leading up 
to and including Corollary 25.5.7 of [1] carry over to the real case to show that the functor E(A, ■) 
is a split exact functor for fixed separable A. Then by Theorem 3.2 (of the present paper) there 
is a bilinear pairing E(A,B) <g) KK(B,C) — > E(A,C). Since this map is associative, multiplication 
by the Bott element in KK(R, S' 8 IR) induces a periodicity isomorphism in the second argument of 
E(-, ■). Similarly, E(-,B) is also split exact, so by the comments following Theorem 3.2 there is a 
natural pairing, KK(A, B) ® E(B, C) — > E(A, C) proving periodicity in the first argument. 

We postpone the proof of half-exactness until after a series of lemmas. □ 

For any elements x G E(A, B) and z G KK(B,C), the pairing described in the proof above 
gives an element in E(A, C) which we will denote by x <Ei a z. Taking \a G E(A, A) we obtain a 
homomorphism e: KK(A, B) ->■ E(A, B). For x G E(A, B) and y G E(B, C), we let x® E y denote 
the product in E(A, C). Similarly for z G KK(A, B) and w G KK(B, C), we let z ®kk w denote the 
product in KK(A, C). 

Lemma 5.14. For x G KK(A, B) and y G KK(£>, C) we have e(x ®kk y) — e(x) ®e t(y)- 

Proof. First we show that e(x ®kk v) = e ( x ) ®a V- Indeed, using Theorem 3.2 we have 

e(x ®kk y) = 1a <8>a (x ®kk y) = (1a ®q x) ® a y = e(x) ® Q y . 

Secondly, we prove that z ® a y — z®e for z G E(A, B). Indeed, this clearly holds for y = 1b G 
KK(B, B) so it holds in general by the uniqueness statement of Theorem 3.2. 
From these facts, we complete the proof with the calculation 

e(x ®kk y) = e(x) ® a y = e(x) ® B e(y) . 

□ 
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Lemma 5.15. For any R* -algebras, E: E(A,B) — > E(SA, SB) is an isomorphism. 

Proof. Let a G E(R, S 8 R) and /3 £ E(S 8 R, R) be Bott elements arising from the corresponding Bott 
elements in KK-theory via e. Then it follows from Lemma 5.14 that a ®_e — 1r and (3 ® a = 1 s s R . 
It follows that the map z h-> (a <8> 1a) ®e z <8> (/3 <8> 1b) is an isomorphism from E(S 8 A,S 8 B) to 
£7(A -B). We call this isomorphism 6. 

Now consider the homomorphism S 8 : E(A,B) — > E(S 8 A,S 8 B). From the comments following 
Definition 5.12, this homomorphism can be expressed as z t-> ls 8 R ® z - Then for z e E(A,B) the 
composition is given by 

(6 o £ 8 )(z) = (a <S> 1 A ) ®b (1 S 8 R (g) z) ®£; (/3 ® 1 B ) 
= (a ® B /3) <g> z 
= 1r ® z 
= z . 

It follows that £ : £?) -> E(5A, SB) is injective. 

Since 8oE 8 = id^^s) and since O is already known to be an isomorphism, it also follows that 
S 8 o 6 = id E{s » a,s»b)- Hence S: E(S 7 A,S 7 B) -> B(S 8 A, S 8 S) is surjective. 

Replacing A and i? with suspensions of appropriate degrees, we obtain that S: i?(S' 8 ^4, S 8 .B) — » 
S(S' 9 ^4, 5 9 B) is an isomorphism. 

Finally, consider the diagram 



E(A,B) 



E(S 8 A,S 8 B)> 



E(SA, SB) 



E(S 9 A, S 9 B) 



where the vertical maps and the lower map are all known to be isomorphisms. This diagram 
commutes modulo a homomorphism induced by the rearrangement of the order of the suspension 
factors of S 9 A and S 9 B. Since the rearrangement of the factors corresponds to an even permutation, 
it is homotopic to the identity and induces an identity homomorphism on .E-theory. It follows that 
the E : E(A, B) -> E(SA, SB) is an isomorphism. □ 

Completion of proof of Theorem 5. IS. Finally, to prove half-exactness letO^jAA^B^O 
be an extension of separable i?*-algebras and D be an f?*-algebra. Suppose h is an asymptotic 
morphism from SD <g) /Cr to SA ® /Cr such that [q o h] = [0]. Lemma 25.5.12 of [1] and its proof 
carry over to the real case, so there exists an asymptotic morphism k from S 2 D €5 /Cr to S 2 J <S> /Cr 
such that [Si o k] = [Sh] . In the commutative diagram 



E(D,J) l ^^E(D,A) 



E{D,B) 



E(SD, SB) 



E{SD, SJ) — ^ E(SD, SA) - 

the vertical maps are isomorphisms, so there exists an asymptotic morphism g from SD ® /Cr to 
SJ <g> /Cr such that [i o g] = [h] in E(D, A). 

Half-exactness in the first argument is proved in a similar way. □ 



Theorem 5.16. Let A be a separable, nuclear R* -algebra and let B be a separable R* -algebra. Then 
the homomorphism e: KK(A, B) — > E(A,B) is an isomorphism. 
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Proof. By Theorem 3.10, it suffices to show that KK(A, B) — > E(A,B) is an isomorphism when B 
is a C*-algebra. In the diagram 

KK C (A C ,B) *E C (A C ,B) 



KK(A, B) > E(A, B) 

we use KK C (— , — ) and E c (—, — ) to denote the versions of these functors on C*-algebras (for example 
E c {— , — ) consists of homotopy classes of asymptotic morphisms that are asymptotically linear over 
C). Since Ac is nuclear, the top horizontal homomorphism is an isomorphism by Theorem 25.6.3 
of [1]. The left vertical homomorphism is an isomorphism by Lemma 4.3 of [3]. The right vertical 
homomorphism is defined by restriction — a complex asymptotic morphism defined on SA^ <g> K 
restricts to a real asymptotic morphism defined on SA <g) /Cr — and it is an isomorphism since every 
real asymptotic morphism on SA(&]CtR can be extended uniquely to a complex asymptotic morphism 
on SAc ® K. The square commutes by Theorem 3.7 of [15], since the two directions around the 
square give natural transformations KK c (Ac, — ) — > E(A, — ) of functors defined on separable C*- 
algebras, each of which sends I a 6 KK c (Ac,^4c) to the asymptotic morphism represented by the 
inclusion of A into Ac- Therefore, the bottom row is an isomorphism as desired. □ 

Finally, we present below the real analog of Theorem 5.8 of [28], showing that i?-theory is a special 
case of KK-theory. That we can obtain this result without reproducing the extensive technicalities 
of the proof in [28] shows the utility of Theorem 3.10. 

Since M{B <g> /C R ) is KK-trivial, it follows that E(A, M(B <g> JC R )) = 0. Then we use the long 
exact sequence arising from 

-> B <g> K. R ->• M(B ® JC R ) Q(B ® K, R ) -> 

to get an isomorphism E (A, Q(B <g> /Cr)) = E_i(A, B <g> /Cr). Combining this with stability and 
with Lemma 5.15, there is an isomorphism 

7 : EiS^AQiB^JC^^EiAB) 

for i?*-algebras A and B. 

Theorem 5.17. Let A and B be a separable R* -algebras. Then there is an isomorphism 

e' : KK(5' _1 A, Q(B ® JC R j) ->• E(A, B) . 

Proof. Let e' — joe where s is the isomorphism of Theorem 5.16. We know that s' is an isomorphism 
in the complex case by Theorem 5.8 of [28]. So it suffices by Theorem 3.10 to show that e' fits in 
a commutative square in the same way that e does in the proof of Theorem 5.16. The square in 
question can be factored into two squares as follows: 

KK C (S-M C , Q(B ® /C R )) > E C (S- 1 A C , Q(B /C R )) > E C (A C ,B) 



KK(S-M, Q(B ® /C R )) ^ EiS^A, Q(B ® /Cr)) > E(A, B) 

The first square is just a specialization of the square in Theorem 5.16. The second square com- 
mutes since the horizontal maps are homomorphisms that arise from stabilization, from long exact 
sequences, and from suspensions; all of which commute with the vertical restriction map. □ 
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6. Application: asymptotic morphisms on spheres 

The goal of this section is to prove the following theorem, using the results of the previous sections, 
the universal coefficient theorem for real C*-algebras, and a united if-theory analysis. 

Theorem 6.1. There exists asymptotic morphisms (<fc) that induce non-trivial homomorphisms on 
K -theory of the following forms: 

(1) S d R -> K. R where d > and d = 0, 4, 6, 7 (mod 8), 

(2) S d R -> /C R <g> H where d > and d = 0, 2, 3, 4 (mod 8) 

Furthermore, if n G N does not satisfy the specified condition in each case, then there does not exist 
a corresponding asymptotic morphism that is non-trivial on K-theory. 

Before we prove Theorem 6.1 we need to establish some relationships between asymptotic mor- 
phisms and mapping cones which are well-known for C*-algebras. Note that if <j> : B — > C is a 
*-homomorphism and (ip t ) : A — > B is an asymptotic morphism, then (<f> o ip t ) : A — > C is an 
asymptotic morphism. 

Proposition 6.2. Let e:0^B4E^i^Ofe(i short exact sequence of R* -algebras. Then 
[(7 C o <f) e t )] = [(A c )] in [[SA, C„]], where (</>£} is the asymptotic morphism associated to e. 

Proof. Let a : A — > E be a cross section of 7r such that |ct(x)|| = |x||. Let {u t }te[i.oc) be an 
approximate identity of B that is quasi-central in E. For / G SR and x e A and s G [0, 1], 

4> t {f,x){s) = /(su t + (1 - s)l^)cr(x) 

lM/,z)(s)(r) =f(r + l-s)x, re [0,1] 

where E ~ E \i E unital and E is the unitization of E if E is not unital, and f(r + 1 — s) = if 
r + 1 — s > 1. By the continuity of continuous functional calculus, we have that ipt{f, x) is continous 
and 4> t (f,x) is continuous. Since 

*(Mf, *)(*)) = /(! - *M"0»0) = /(l - s)x = <M/,x)( S )(0) 
and 

Vt(/,x)( S )(l) =0, 

we have that (<p t (f,x),ip t (f,x)) G 7C T . 

For all / G SR and x G A, it is clear that t i-> (/i x ) i s continuous and bounded in /CA and 
that i i-> </>*(/, x) is the same in IE 1 . Hence, the map t M> (0 t (/, x), -0 t (/, x)) G /C,r, is continuous 
and bounded on [1, oo). 

Define * : SR ® A -> /3/CV by *(.f,x)(i) = (<j>t(f,x),ipt(f,x)). Let b <E B, x E E, and t G [l,oo). 
Then 

sup { || ((1 - s)t*t + 6 - &|| :sG [0,l]}=sup{||(l-s)ut6-(l-«)6|| : s G [0,1]} 

= IM-6|| 

and 

sup {|| ((1 - s)u t + slg) x - x ((1 - s)u t + slg) || : s G [0, 1]} 
= sup{||(l-s)(u t x-xu t )|| :sG [0,1]} 

= \\U t X - xu t \\ . 

Set ft G /E by f t (s) = (1 — s)u t + slg. Then by the above paragraph, {/t}t£[i )00 ) is a family of 
positive elements in IE with ||/ t |j < 1 such that 

lim f t b = b 

t— >oc 
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for all b £ B and 



lim (f t x -xf t ) = 

t— >oc 

for all x £ E, where we identify b and x in IE as constant functions. Therefore, for all f,g £ SR, 
for all x, y 6 A, and for all A e R, 

lim {<p t (/, a; + y) - <j> t (/, z) - & (/, j/)) = 

t— too 



lim (<M/,x 

t— tOO 



lim (&(/, Ax)-A<M/,x)) =0 



lim ((j> t (fg,xy) - (f> t (f,x)<p t (g,y)) = 0, 

t— S-oo 

using Lemma 5.9 as in the proof of Proposition 5.10. 

By the definition of ijj t , for all f,g£ SR, for all x, y £ A, and for all A e R, 

lim (Mf, x + y)- Mf, x) - Mf, y)) = o 

t^-OO 

lim (Mf,x*)-Mf,x)*)=0 

t— too 

lim (ip t (f,\x)-\ip t (f,x)) =0 
lim (ip t (fg,xy) - (f> t (f, x)tf; t (g,y)) = 0. 

t— >oo 

It is clear from the definition of both t and tpt that </>*(-, x) and tp t (-,x) are linear functions. 

From the above observations, there exists a *-homomorphism $ : SR ® A — > a/CV such that if 
$ is a set-theoretical lifting of $ and $t = ev t o $ is the associated asymptotic morphism, then for 
each f £ SR and x £ A, 



Note that 



lim ($ t (/®x)-*(/,x)(i)). 

t— too 

ev[, ' 1] (*(/,*)(*)) = (<M.f,x)(0),<M/,*)(0)) 
= (/K)a(x),0) 
= 7e(/(«t)o"(a;)) 



and 



ev 



[°' 11 (*(.f,x)(t)) = (0 t (/,x)(l),^(/,x)(l)) 
= (0,/®x) 
= A e (/<8>x). 



Hence, for all f £ SR and x £ A, 



lim 

t— >co 



evj, 041 o $ t (/ ® x) - 7c o O x) 



= lim 



and 



lim 

t— s-oo 



ev 



[° 4l o$ t (/«,x)-A c (/®x) 



lim 

t— s-oo 



ev 



Thus, ^bvq ' 1 ' o $ t y is homotopic to (7 e o</>£) and ^evj ' 1 ' o $ t y is homotopic to (A c ). Since the 

asymptotic morphism ($ t ) gives a homotopy between ^bvq ' 1 ' o and ^evf' 1 ' o <E> t ^, we have that 
(7c o (f>l) and (A c ) are homotopic. Thus, [(7 C o <pl)\ = [(A c )] in [[SA, C ff ]]. □ 
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Let B be an i?*-algebra. Then we have the following exact sequence of i?*-algebras 

-> P B -> f3B ^ aB -> 0. 
The above exact sequence induces a long exact sequence in i\T-theory 

► K*(/3 B) -> K*(aB) -> K^^B) ->• . . . 

for each n £ Z. Since /3o-B is contractible, K*((3qB) = 0. Hence, (pb)* is an isomorphism. 

Definition 6.3. Let A and _B be i?*-algebras and let (0t) : A — > _B be an asymptotic morphism. 
Let (0t)„ denote the composition 

(evf'^^o^)-^^ 

from K*(A) to K„{B). 

The next three lemmas are well-known in the context of C*-algebras. We are not able to find a 
reference for i?*-algebras so for the convenience of the reader we provided the proof here. 

Lemma 6.4. Let A and B be R* -algebras and let (<pt) , (ipt) '■ A — > B be asymptotic morphisms. If 
(4>t) is homotopic to {ip t ) , then {<pt)* = {ipt}*- 

Proof. Let (<j> t ) : A —> C([0, 1],B) be an asymptotic morphism such that evj, ' 1 ' ° $t = 4>t an d 
evj ' 1 ' o $ t = ip t for all t e [1, oo). Since 

for all s e [0, 1] and since for each / G /3IB, the function 

[0,11 [l,Oo) / r\ 

s n> evj, ' J o ev[ '(f) 



is continuous, 



Therefore, 



(ev^Mev^)* = (ev^Mev^).. 



(e^\ - (ev{,°- 1] ),(ev^~>),( WB )- 

= (cv^ 11 ),(ev[ 1 ' oo) ),(p /B );W* 
= (cv?' 1] ).<<I> t ).. 

Note that evf 11 o (1^ = <^}, evf ' 1] o"(¥^ = (^), evf' 11 op /B = p B oevf' 1] , and ev^ 00 ) oev[ wl = 



evl, ' 1 ' o evf Therefore, 



(cv' ' 11 )* <$ t >, = (ev^^^ev^ 00 ^^); 

= (evl 1 ' 00 ^^ 11 ).^)- 1 ^). 

= (cv^ oc) UPB): 1 Wi, 

= {<h). ■ 



A similar computation shows that 
which implies that 



(ev[ M1 ). <**>. = «<*>., 
), = (evl - 11 ), <$,),= (ev^ 11 ), <$ t >, = . 
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□ 

Lemma 6.5. Let A and B be R* -algebras and let <f> : A — > B be a * -homomorphism. Then = 
{<f>), : K t (A) -> K.(B). 

Proof. Note that {<p) : A — > f3B which maps a to the constant function (f>(a) is a *-homomorphism 
and (<j)) = pb ° (<f>t)- Therefore, 

<</>>* = (evf 111 ).^)- 1 ^, = M ' 11 )*^}* = 0.. 

□ 

Lemma 6.6. Suppose <p ■ B — > C is a * -homomorphism and (tpt) : A ^ B is an asymptotic 
morphism. Then (0 o -0 t ) ^ = o {ipt) it- 
Proof. Define 7/0 : — > /3C by T]^(f)(t) — <f>(f(i)). Then 7/0 is a *-homomorphism such that 
r/0(/3o-B) C /3 C. Thus, there exists a *-homomorphism 7^, : a_B — > aC such that 

?70 ° PB = PC ° ??0 and ^o(^) = (^o^ t ). 

Hence, 

(^/^(ev^Mpc); 1 ^^ 
= (evi 1 '°° ) )*(Pc)^ 1 (^)*W* 
= (evf' oo) )*(770)*(p i j); 1 (V't> < , 
= 0.(ev[ 1,oo) ).(p B )- 1 (^>, 
= 0* o (V't)* • 

□ 

As an aside, we note that it is possible to prove a more general statement: the formula (<j> t ° ipt)* = 
(0*)* ° (V't)* holds for asymptotic morphisms (</> t ) : B — > C and (^t) : A ^ B. 

Theorem 6.7. There exists non-trivial CRT-homomorphisms of degree of the following forms: 

(1) iC'^^R) ->■ JT CBT (R) w/iere d > and d = 0, 4, 6, 7 (mod 8) 

(2) K CRT (S d R) -)• /f CBT (H) w/iere d > and d = 0, 2, 3, 4 (mod 8). 

Furthermore, if n G N does 7io£ satisfy the specified condition in each case, then there does not exist 
a corresponding non-trivial CRT-homomorphism. 

Proof. The Ci?T-module K CRT (S R) is a free CRT-module with a single generator in the real part 
in degree — d. Hence there exists a non-trivial CRT-module homomorphism K CRT (S d R) — > M if and 
only if M- d ^ 0. Now KO*(R) is non-zero in and only in degrees 0, 1,2,4 (mod 8); and KO*(M) 
is non-zero in and only in degrees 0,4,5,6 (mod 8). Thus parts (1) and (2) follow as well as the 
converse statements. □ 

We are now ready to prove Theorem 6.1. 

Proof of Theorem 6.1. For d > 1, where d is not in one of the required congruence classes, Theo- 
rem 6.7 implies that no asymptotic morphism can exist that induces a non-trivial homomorphism 
on if -theory. 

Now suppose that d > 1 and suppose that A = S d R and B = R or B = H are algebras such that 
the form A — > B matches the conditions of the statement of Theorem 6.1. By Theorem 6.7, there 
is a non-zero homomorphism K CRT (A) — > K CRT (B) and by the Universal Coefficient Theorem for 
real C*-algebras (Theorem 1.1 of [3] ), this CRT- module homomorphism is induced by a nonzero 
element £ G KK(A,B). 
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By Theorem 4.4, there exists an extension e G Ext(S' d 1 R, B) 1 such that A S d-i K B [e] = £. Since 
[ A e][7e] _1 = £ this implies that [A e ] ^ where [A c ] <E KK(A, C n ). Furthermore, the homomorphism 
of CftT-modules (A e ), : K CRT {A) -> K CRT (C n ) is nonzero. This is because AT C " T (A) is a free CKT- 
module so the Universal Coefficient Theorem implies that 

KK(A -+ Hom OJff (ir^(A), ^(C^)) 

is an isomorphism. Even more, this implies that the homomorphism on A'-theory (A c )* : K*(A) — > 
K*{Ctt) is nonzero, by Theorem 4 of [4]. 

Let (<j>l) : S d R — > B be the asymptotic morphism associated to e. Then by Proposition 6.2, 
(7e o ^J) is homotopic to (A e ). Therefore, by Lemmas 6.4, 6.5, and 6.6; we have 

(7c)* ° (<t>t)* = (A e )*- 

Since (A e )* ^ 0, it follows that (<j> e t ) t ^ 0. □ 

7. Almost commuting matrices 

We can use all this machinery to find novel examples of almost commuting real symmetric matri- 
ces. Our approach is to use commutative i?*-algebras and create asymptotic morphisms out of these. 
On the one hand these carry A'-theory data that can distinguish them from actual *-homomorphisms. 
On the other, in the image the relations that make the A*-algebra commutative get turned into the 
property of being almost commuting. 

Let F denote either R or C or H. We generalize a question of Halmos [12] to ask about d almost 
commuting self-adjoint matrices over F. 

Problem 7.1. For all e > 0, does there exist 5 > so that, for all n, given d self-adjoint contractions 
H r in M„(F) such that 

\\[H r ,H a ]\\<5, 

there exist d self-adjoint contractions K r with \\K r — H r \\ < e and 

[K r ,K s }=07 

Lin [23] showed that in the complex case the anwer is "yes" for d = 2 while it was known much 
earlier [35] that the answer is "no" in the complex case for d = 3. 

For the quaternionic case, the result is the same: yes for d = 2 [27] and no for d = 3 [14]. 

These leaves the real case, arguably the most important case. We know the answer is "yes" for 
d = 2 ([27]). We will show that the answer is "no" for d = 5, leaving open the cases d — 3, 4. The 
proof techniques used for a negative result for d = 3 in the complex and quaternionic cases rely 
on the fact that A'_ 2 (IH) ^ and AT_ 2 (C) ^ and so will not work for F = R since AT_ 2 (R) = 0. 
However, since AT_4(R) is nontrivial, we will see that these methods will apply for d = 5. 

We start by connecting this problem to a problem couched in the theory of i?*-algebras. For any 
sequence B n of i?*-algebras, let ir be the quotient map from the product Jl^Li to its quotient 
by the sum fl^i B nl 0^=1 B n- 

Problem 7.2. Does every ^-homomorphism of the form 

oo I oo 

V: S^R^ Y[M m(n) (¥) / 0M mW (F) 

71=1 / n—1 

where {mfo)}^^ is a sequence of integers, lift to a ^-homomorphism 

oo 

S^R^ TjM m(n) (F) 

n=l 

such that if) = it o 
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Theorem 7.3. For a fixed positive integer d and division algebra ¥ , if the answer to Problem 7.1 
is "yes" then the answer to Problem 7.2 is also "yes". 

We prove Theorem 7.3 below, following two lemmas. Then, the rest of the section is devoted to 
showing that the answer to Problem 7.2 is "no" when d = 5, using a if -theoretic obstruction. We 
start with a lemma stating the universal properties of C(S d ~ 1 , R). This is a standard result that 
can be proven using the techniques of Chapter 3 of [24] . 

Lemma 7.4. Let A be an R* -algebra. If hi, . . . , hd are commuting self-adjoint contractions in A 
that satisfy X^=i ^» = 1> then there is a unique * -homomorphism tp: C(S d ~ 1 ,R) — > A sending the 
j th coordinate function fj to hj . 

Lemma 7.5. For each e > there exists a 5 > such that the following holds. Let ki,...,kd be 
commuting self-adjoint elements in a unital R* -algebra A that satisfy || ^,=i kj ~~ M\ < Then there 
exist commuting self-adjoint elements k[, . . . , k' d in A such that ||fc- — < e and J2i=i(K) 2 = T 

Proof. Assume that < 5 < .5 and that the elements fc, satisfy || J2i=i &i — M\ < ^ Since the 
elements ki commute, we can treat them as real- valued functions in C(X, R) for some compact space 

X. Let r(x) = \Jl/J2i=i ^f( x )- Then k[(x) — r(x)ki(x) satisfies J2i=i(K) 2 = 1- A short calculation 
shows that \\ki — k[\\ = 1 — \J fc 2 " ' Thus for any e > 0, we can find a 5 small enough to ensure 
that \\ki -k[\\<e. □ 
Proof of Theorem 7.3. Suppose that the answer to Problem 7.1 is "yes" for some d and F, and let 

oo / oo 

V>: C(S d -\¥) -> l[M m{n) (¥) / 0M m( „,(F) 

n— 1 / n— 1 

be a *-homomorphism. Then taking the images of the coordinate functions in C(S d ~ 1 , ¥) we find that 
there exist sequences of matrices Hi n G M TO („)(F) (i G {1, . . . , d}, n G N) that are asymptotically 

(as n — > oo) self-adjoint contractions, that satisfy = 1 asymptotically, and such that i?, n 

and iJj„ asymptotically commute for each i,j G {1, . . . ,d}. In fact, we may assume that each Hi n 
is exactly a self-adjoint contraction. This is achieved by replacing Hi n by \ {Hin + H* n ) and then 
by f(H in ) where / G C(R, R) is defined by 

/(*) = 




We may also assume without loss of generality that || J2i=i — 1| — f° r au n - 

By our hypothesis, there exists self-conjugate contractions K in G M m ( n )(F) that exactly commute 
and satisfy lim„_ ! . 00 (iii„ — Ki n ) — for each i. By Lemma 7.5, there exists matrices Lj„ G M m („)(F) 

such that lim n _ >oc (ifm — £j n ) — f° r a ll i an d Si=i ^in = 1 f° r eac b n. 

Then by Lemma 7.4, there exist *-homomorphisms -0„: C(S , R) — > M TO ( n )(F) that map the d 
coordinate functions to L in . These maps form a *-homomorphism 

oo 

4>:C(S d -\R)^l[M m{n) (¥) . 

n=l 

Since lim„_ s . 00 \\L in — H in \\ = it follows by the uniqueness statement of Lemma 7.4 that w o ip = 
i>. ' □ 
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Lemma 7.6. Suppose ¥ is a division algebra and d > 1. Any *-homorphism 

oo 

S k R ^ ]jM m{n) (¥) 

n=l 

is homotopic to zero. 

Proof. It suffices to show that any *-homomorphism ip : S d R — > M m („)(F) is homotopic to the zero 
map. As the codomain is finite dimensional, this ip must factor through C(X, R) where X is finite. 
Thus ip is a sum of point evaluations, each of which is homotopic to 0. □ 

Let be the map from if* (JI^Li ^») to EI^Li K*(Bi) induced by the collection of projection 
maps 

oo 
n=l 

In [11], there is a thorough analysis of the circumstances under which is surjective and injective 
on Kq and K\ for C*-algebras £?j. The following lemma states that the situation for i?*-algebras 
partially reduces to that for C*-algebras. 

Lemma 7.7. Let {Bi} ie ^ be a sequence of R* -algebras and let (-Bj)c be their respective complexifi- 
cations. Then the map 



qcrt. k crt J| B . ^ JJ K CRT (Bi) 

\n=l J n=l 

is an isomorphism if and only if 

/ oo \ oo 

6: n^) c -> n^(^)c) 



\n— 1 / n— 1 



is an isomorphism. 



Proof. Since if cnr is a CAT- module homomorphism, this follows immediately from the results of 
Section 2.3 of [6]. □ 

We shall say that a family of i?*-algebras {Bi}^^ has property if cnT is an isomorphism. We 
shall say further that an i?*-algebra B has property if {Bi} ie ^ has property where Bf = B for 
all i G IN. In particular F ® /Cr = JCjr has property 0. 

We note that if B has property 0, then the *-homomorphism 

oo 

A:B^ ]JB 

n=l 

and the resulting map 

oo I oo 

A:B^ ]W S 

n— 1 / n— 1 

into the quotient are both injective on if -theory and united if -theory. 

Recall that we have (3B — Cb([l, oo), B) and aB = Cb([l, oo), £?)/Co([l, oo), -B). We can evaluate 
an element of (3B at the natural numbers, and get a surjection 



6n : [3B -> jj B 



n=l 
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which passes to a *-homomorphism 

oo / oo 

5 N : aB -> J] B / B . 

n—1 I n=l 

Lemma 7.8. Suppose A is a separable R* -algebra and B is a separable R* -algebra with property 0. 

// 

(4>t) :A^B 

is an asympotic morphism, then there is a *-homomorphism 

oo / OO 

i,:A^ \{B 0B 

n— 1 / n—1 

so i/iai on K-theory 

V>* = A* o . 
7n particular, if * s non-zero, then so is ?/>*• 

Proof. Define ^ = 5^ o (0 t ). Consider the following diagram. The square commutes exactly. The 
triangle on the top commutes at the level of if-theory, as can be seen using the fact that S\ is 
homotopic to 5k for any k G N and identifying the if-theory of the product with the product of the 
if -theory. 




iwe* 



n=l 



Using the relation (<j>t) t = Si o (pb)* ° (<&)*! an eas y calculation shows that A* o (<f>t)* = ip* □ 
Lemma 7.9. Suppose B is a separable R* -algebra, and A is a finitely generated R* -subalgebra of 



AC J](B®£ R ) / 0(B«./C R ) . 

n—1 / n—1 

Then there is a sequence m(l) < m(2) < on natural numbers so that 

OO / OO 

AC J]M m(n) (B) / 0M m(tl) (B). 

n—1 / n—1 

Proof. Given a single element oei, write 

o= (ai,o 2 ,...) + 0(B® /C R ) 

where aj € B <g> /Cr . We can choose an increasing sequence pi , p 2 , • • • of standard projections in 
1 <g> Kr (with 1 in B if needed) so that 

\\PnbnPn - M < ~ 
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and so 

(61,62, - - • ) + 0(£®M = (pibm,P2b 2 P2,-.-) + Q)(B®lC R ). 

More generally, for a finite set of elements in A, we can use a single sequence of projections as above 
to show that 

00 / 00 

AC Y[p n {B®lC R ) Pn I 0p„(-B®/Cr)p„ . 

n—1 I n—1 

□ 

We now put these results together for our main theorem. 

Theorem 7.10. Suppose that d £ N and F £ {R, H} satisfies the hypotheses of Theorem 6.1. Then 
there is a sequence of integers m(l),m(2), . . . and a unital *-homomorphism 

00 / 00 

ip : C(S d , R) -> [] M m(n) (F) / M m(rl) (F) 

n—1 / n—1 

i/iai cannot be lifted to a unital *-homomorphism 



i>:C(S d ,R)^ l[M m(n) (¥). 



Proof. Let d be as above. By Theorem 6.1, there exists an asymptotic morphism 

(<j> t ) : S d R -> /C F 

that induces a non-zero map on i^-theory. Then by Lemma 7.8, we obtain a *-homomorphism of 
the form 

00 / oc 

4,' : S d R -> JJ /C F / /Cf 

n—1 / n—1 

that is non-zero on i^-theory. By Lemma 7.9, we have that this *-homomorphism factors through a 
*-homomorphism of the form 

oo / oo 

<P : S d R -> [] M m(n)( F ) / 0M m(n) (F) . 

n—1 / n—1 

Since 6' — to 6, where i is the inclusion 



oo 

/ 

n—1 / n—1 n—1 / n—1 



: Y[M m{n) (B) / 0M m(n) (i?)^ l[B®JC F / 0B®K F , 



it follows that (/>„ is also nonzero. Now cannot be lifted to a *-homomorphism ip with values in 
PI^Li M m („)(F) since such a lift would have to be non-zero on if -theory contradicting Lemma 7.6. 
Finally, extend unitally to form a *-homomorphism 

oo / oo 

<f> : C(S d , R) -> [] M m(n)(0 / M m(n) (F) 

n—1 / n—1 

that similarly cannot be lifted. □ 

Corollary 7.11. For d — 5, F = R and for d = 3, F = H; the answer to Problem 7.2, and hence 
also to Problem 7.1, is "no". 
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The result above for d = 3, F = H, replicates results from [27]. Considering this case more closely, 
we can clarify the if -theory behind the invariant for 3D topological insulators considered in [14]. 
We consider H as sitting inside its complexification, so is to be regarded as the set of 

a —b 
b a 

where a and b are complex numbers. More generally, we identify Mjv(IH) with 2N-by-2N complex 
matrices of the form 

A ~3 
, B A 
See [26]. 

The first several homotopy groups for Sp(n) stablize early. The connection with if-theory is 
that Ki(C(S 3 , H)) is given by homotopy classes of maps from the three sphere into the symplectic 
unitary matrices of various sizes. Let x\, . . . ,x± be the coordinate functions in R 4 restricted to the 
unit sphere S 3 . From [36, §10.6] we learn that 



is a generator of 



and so gives us a generator for 



Xi + 1X2 —X3 + IX4 
X3 + IX4 Xi — 1X2 

7T 3 (Sp(l)) 



e C(5 3 ,H) 



K- 3 (C(S 3 , R)) S K^CiS 3 , H)) S Z/2. 



The K\ group of 



JjM m(n) (R) / 0M m( „,(R) 

n— 1 / n— 1 

is easy enough to work out, since it is entirely governed by the determinants of real othogonal 
matrices. It is a subgroup of 

00 / 00 

II Z/2 /© Z/2. 

n=l / n=l 

When d = 3, the induced map on if-theory is such that the generator of 

K_ 2 (C(S 3 ,R)) 

is sent to the class of 

(1,1,...) 

in 

(00 / 00 \ 

n M ».w(n)/ 0M m(n) (H) =nz 2 /0z 2 . 
n=l / n=\ ) 

This means that the Z2-index [14] can be non-trivial for arbitrarily small commutators. Now we 
switch to considering Mjv(H) as a real part of M 2 w(C) with respect to the dual operation 



" A 


B ' 


tt 


' D T 


-B T 


C 


D 









That is, there are self-dual self-adjoint matrices H\,...,Hi with 



[H r ,H s }\\<6, 



r=l 



< S 
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for any small 5, so that 

[ Hi + iH 2 -H 3 + iH 4 ] 
det [ H 3 + iH 4 H x -iH 2 \ < U ' 

This is evidence that the phenomena of 3D systems with topologically protected states as witnessed 
in [14] would persist in larger system size. 

8. The ten-fold way 

Some of the motivation of this work is to explain index studies of topological insulators. The 
symmetries present in topological insulators are essential in their behavior. Physicists think of time- 
reversal (TR) symmetry in terms of commutating relations with anti-unitary operators, but it is 
equivalent to think in terms of anti-multiplicative involutions. 

For single particle systems, this picture suffices. There can be no TR symmetry, where the 
relevant algebra for a finite model is the C*-algebra Mjv(C). When TR symmetry is present, the 
TR symmetry comes in two forms, and leading to either the transpose or the dual operation. We 
are looking at Dyson's "three-fold" way, or real, complex or quaternionic matrices. 

In more complex systems, one needs to track additional symmetries, in particular particle-hole 
symmetry. The picture here, in terms of algebras, is that there are two anti-multiplicative involutions 
r and 7 and the Hamiltonian H G Mat(C) now satisfies 

H* =H, H T = H, = -H. 

There are more general symmetry groups to consider, acting by unitary and anti-unitary operators. 
See [13]. For now, we consider just the symmetries beyond being self-adjoint. 

In physics, it is expected that these two "T-operations" will commute. As one can have either 
symmetry non-existant, or equivalent to the transpose, or equivalent to the dual operation, it seems 
that we will get nine symmetry classes. Instead, we find ten as the combined symmetry of r followed 
by 7 can be preserved, or broken, when each is individually broken. So condensed matter physics is 
now investigated in terms of the ten-fold way. See [18] for a nice introduction to the matrix classes 
that arise. 

It is easy to check that when r and 7 commute, 

a(a) = (a T ) 7 

defines an order-two automorphism. If we are to follow the ten-fold way, we need to be working with 
graded real C*-algebras. 

It was in the context of graded real C*-algebras KK-theory was introduced. In work on the 
standard model [8], Connes considered real structures on spectral triples. It seems likely that 
progress in graded real noncommutative geometry will have application in the study of topological 
insulators. 
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